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Motivations

2/61



Motivations

Errett Bishop, the founder of neutral constructive mathematics (or
Bishop's constructive mathematics), wrote in his book as follows .

The situation is easily summarized: Nonmetric spaces and
nonseparable metric spaces play no significant role in those
parts of analysis with which this book is concerned. To il-
lustrate this point, consider the concept of a uniform space,
as developed in Probs. 17 to 21 of Chap. 4. A uniform
space at first sight appears to be a natural and fruitful con-
cept for constructive mathematics, a promising substitute
for the concept of a topological space. In fact, this is not
the case.

!Bishop 1967, Appendix A: Metrizability and Separability; he introduced the
notion of a uniform space using a family of pseudometrics.
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Motivations

» Although classically,

» the topology on the space /,, of bounded sequences of real
numbers is given by the norm

1(xn)nentll = sup{[xa| | n- € N};

> the strong topology on the dual space (the set of bounded
linear functionals) E* of a normed space E is given by the
norm

Il = sup{IF ()| [ x € E, [Ix|| < 1},

» constructively, they are uniform topologies but are not given
by any family of pseudometrics.

> We need a more general framework than a family of
pseudometrics for defining the notion of a uniform space.
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Motivations

Here, as an application of a general framework for uniform spaces,

we consider integration theory.

» One of the motivations Lebesgue developed his integration
theory was to make integration and limit commute:

lim /fn:/ lim f,,
n—oo n—oo

which does not hold for the Riemann integral.

> The Lebesgue integral is based on the Lebesgue measure
which is a generalisation of the notions of a length, an area
and a volume.
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Motivations

» Since a measure is defined on a g-algebra which is closed
under the complementation,

» the lack of law of excluded middle in constructive
mathematics brings us a difficulty to define an appropriate
domain of a measure.

» Bishop overcame the difficulty by introducing the notion of a
complemented set, and developed a constructive measure and
integration theory.

» However, the original motivation of Lebesgue is concerned
with the topological notion of a limit.
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Motivations

» As far as we are concerned with convergence theorems such as
the monotone and dominated convergence theorems of
Lebesgue,

> we may be able to constructively deal with them topologically
without invoking the notion of a measure and the notion of a
complemented set.

» Spitters [Spitters 2006] took an approach using Bishop's
notion of a uniform space, and following Bishop's advice
[Bishop 1967, Preface].
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Preliminaries
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Constructive set theory

The elementary constructive (and predicative) set theory ECST
was introduced by Aczel and Rathjen.

The axioms and rules of ECST are those of intuitionistic predicate
logic with equality. In addition, ECST has the set theoretic axioms
Extensionality: VaVb[Vx(x € a<» x € b) = a= b];
Pairing: VaVb3cVx(x € c <> x =aV x = b);
Emptyset: JaVx(x ¢ a);
Union: YadbVx[x € b« Jy € a(x € y)];
Replacement:

Va[Vx € adlyp(x,y)—=3bVy(y € b+ Ix € ap(x,y))]

for all formulae ¢(x,y), where b is not free in
e(x,y);
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Constructive set theory

Bounded Separation:
VadbVx(x € b+ x € aA p(x))

for all bounded formulae ¢(x), where b is not free in
©(x); here a formula ¢(x) is bounded, or Ay, if all
its quantifiers are bounded, i.e. of the form Vx € c or
dx € ¢;

Strong Infinity:

Ja[0 € aAVx(x €ea—x+ 1€ a)
AVy(OeyAVx(x ey —=x+1ey)—=aCy)|.
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Constructive set theory

In ECST, we are able to perform basic set constructions in
mathematical practice.
» the ordered pair (x,y) = {{x},{x,y}} of x and y, using
Pairing;
» the cartesian product A x B of sets A and B consisting of the
ordered pairs (x,y) with x € A and y € B, using Replacement
and Union.

In addition to the axioms of ECST, we assume Exponentiation
Axiom asserting that the class B of functions from a set A into a
set B, called the exponential of A and B, forms a set.

Exponentiation: VaVb3cVf(f € c > f € b?).
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Constructive set theory

We write hom(/, I") for the set of monotone functions between
preordered sets | = (1, =) and I’ = (I', Xy).
A preordered set | = (I, <) is directed if

» | is inhabited;

» there exists ub; € hom(/ x I, 1), called an upper bound
function, such that for each x,y € I, x < uby(x, y) and

y <1 uby(x, y).

A setoid (or Bishop set) X is a pair (X, =x) of a set X and an
equivalence relation =x on X.
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Setoids
Let X = (X,=x) and Y = (Y, =y) be setoids. Then
» a function ¥ : X — Y is a setoid mapping of X into Y if
x=xy=f(x) =y f(y)

for all x,y € X; we then write f : X — Y.
> Two setoid mappings f,g : X — Y are identical, denoted by

f~g,if
x=xy="1f(x)=v gly)
for all x,y € X, or equivalently f(x) =y g(x) for all x € X.
P> A setoid mapping f : X — Y is a setoid injection if
f(x) =y f(y)=x=xy

for all x,y € X.
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Setoids

The product X x Y of setoids X = (X,=x) and Y = (Y,=x) is a
pair of the set X x Y and an equivalence relation =xxy on X x Y
given by

(x,y) =xxy X,y )ex=xx"and y =y y/'

for all (x,y),(x’,y’) € X x Y; in which case, the projections are
setoid mappings.
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Uniform spaces
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Fundamental definitions

A uniform structure on a setoid X = (X, =x) is a triple consisting
of a directed preordered set Ix = (Ix, <), a function
px € hom(Ix, Ix), and a relation IFx between X x X and [y such
that
1. for all x,y € X, x =x y if and only if (x, y) IFx a for all
acly;
2. forallae Iy and x,y,x",y € X, if x=x x', y =x y’ and
(x,y) IFx a, then (X', y') IFx a;
3. forallae Iy and x,y € X, if (x,y) IFx a, then (y,x) IFx a;
4. forall a,be Iy and x,y € X, if a<, band (x,y) IFx b,
then (x,y) IFx a;
5. forallae Iy and x,y,z € X, if (x,y) IFx px(a) and
(y,z) IFx px(a), then (x,z) IFx a.
A uniform space is a setoid equipped with a uniform structure.
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Fundamental definitions

Example 1

Let X be a set, and let d : X x X — R be a pseudometric on X.
Then a binary relation =x on X, given by

x=xy<d(xy)=0

for all x,y € X, is an equivalence relation; hence X = (X, =x) is a
setoid.

Let px and IFx be a monotone function from N into N and a
relation between X x X and N defined by

px(n)=n+1,
(X7y) I-x n<:>d(X,y) <27"

for all n € N and x,y € X, respectively. Then (N, px,lFx) is a
uniform structure on the setoid X.
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Fundamental definitions

Let X be a setoid, and let J = (J, <) be a directed preordered
set. Then a function x : j — x; from J into X is called a net (or
Moore-Smith sequence) in X on J, and is denoted by (x;)jcy; a net
(xn)nen on the linearly ordered set (N, <) is called a sequence in
X: we write X7 for the set XZ of nets in X on J.

Let (Ix, px,|Fx) be a uniform structure on X. Then a net
x = (xj)jes € X7 converges to an element x of X in X if there
exists 3 € hom(Ix, J), called a modulus (of convergence), such
that for each a € [y,

(xj,x) IFx a

for all j € J with B(a) <, j. We then write x — x, and x is called
a limit of x.
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Fundamental definitions

A net (x;)jes € X7 is a Cauchy net in X if there exists
a € hom(Ix, J), called a (Cauchy) modulus, such that for each
ac 1X1
(xj,xj7) IFx a
for all j,j/ € J with a(a) <, J,/.
For each x € X, the constant function j — x from J into X,

denoted by (x);ey, is a Cauchy net in X with any modulus
a € hom(Ix, J).

Lemma 2
Every convergent net in a uniform space is a Cauchy net.

19/61



Fundamental definitions

Let X and Y be uniform spaces with uniform structures
(Ix, px,Fx) and (ly, py,|Fy), respectively. Then a function
f : X — Y is uniformly continuous if there exists v € hom(ly, Ix),
called a modulus (of uniform continuity), such that for each
bely,

(x,y) IEx y(b) = (f(x),f(y)) IFy b

for all x,y € X.

A uniformly continuous mapping f : X — Y'is

» a uniform isomorphism if there exists a uniformly continuous
mapping g : Y — X, called an inverse of f, such that
gofNidX and fogwidy;

» X and Y are uniformly equivalent if there exists a uniform
isomorphism between X and Y,

» we then write X ~ Y.
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Fundamental definitions

Lemma 3
Let X and Y be uniform spaces. Then every uniformly continuous
function f : X — Y is a setoid mapping.

Lemma 4

Let X and Y be uniform spaces, and let J be a directed preordered
set. Then for each uniformly continuous function f : X — Y and
each net x € KJ,

1. forallx e X, if x = x in X, then fox — f(x) inY;
2. if x is a Cauchy net in X, then f o x is a Cauchy net in Y.
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Fundamental definitions

Proposition 5

Let X and Y be uniform spaces with uniform structures

(Ix, px,\Fx) and (Iy, py,IFy), respectively, and define
pxxy € hom(Ix x Iy, Ix x ly) and a relation |Fx «y between
(X xY)x(XxY)andly x 1y by

PXxY = PX X PY,
((X7y)7(x/7yl)) ”_XXY (a7 b) g (X,X/) H_X a and (yvy,) H_Y b

for all (a,b) € Ix x Iy and (x,y),(x",y’) € X x Y. Then

(Ix X Iy, pxxv,|lFxxy) is a uniform structure on the product
setoid X X Y.

A uniform space X x Y with the uniform structure is called the
product of uniform spaces X and Y.
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Completeness

Lemma 6

Let X = (X,=x) be a uniform space with a uniform structure
(Ix, px,Fx), and let J = (J, <) be a directed preordered set.
Then a binary relation =y, on X 7 given by

x=xsyeVaclydjedVie(i<si=(x,y)lx a)

for all x = (x;)ics, ¥ = (Vi)ics € X, is an equivalence relation on
X?; hence X! = (X7, =x1) is a setoid.
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Completeness

Proposition 7

Let X = (X,=x) be a uniform space with a uniform structure
(Ix, px,Fx), and let J = (J, <) be a directed preordered set.
Then a relation |-y, between KJ X KJ and Iy given by

(x,¥)Fysae Xy e X x=x X Ny=xsy
NIjEeIVie (i <si=(x,y]) IFx a)l

for all a € 1 and x,y € X? where x' = (x!)icy and y' = (y!)ic,

gives a uniform structure (Ix, p%,IFxs) on X7 = (X?,=x,); hence
X7 is a uniform space.
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Completeness

Lemma 8
Let X be a uniform space, and let J be a directed preordered set.
Then a function 17)J< : X — X, given by

J .
mx : x = (X)jey
for all x € X, is a uniformly continuous setoid injection such that
J
Nx oX — X

in X7 for all Cauchy net x € X”.
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Completeness

Let X be a uniform space with a uniform structure (/x, px,IFx).
Then a regular net in X is a Cauchy net on the directed preordered
set Ix with a modulus id;, € hom(/x, Ix).

Let X be a setoid consisting of a set X and an equivalence relation
=y given by

X ={xe XX | xis aregular net}, x =gy X=xyy

for all x,y € X, respectively. Then X with a uniform structure
(Ix, pxix,IFg) is called a completion of X, where

(x,y)lFgas(x,y) by a

for all a € I and x,y € X; we then write nx for 17;’{ X = X.
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Completeness

A uniform space X is complete if nx : X — X is a uniform
isomorphism.

Proposition 9
Every Cauchy net in a complete uniform space converges.

Theorem 10
The completion X of a uniform space X is complete.

Theorem 11
Let X and Y be uniform spaces. Then
XxVeXxy,

and X x Y is complete whenever so are X and Y.
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Completeness

Let X and Y be uniform spaces with uniform structures

(Ix, px,lFx) and (Iy, py,|Fy), respectively. Then a function

f : X = Y is locally uniformly continuous if there exists a function
z — 7, from X into hom(ly, Ix), called a family of local moduli,
such that for each b € I,

(z,mx(x)) Ik 72(b) and (z,mx(y)) IFx vz(b)
= (f(x), f(y))IFy b

forall ze X and x,y € X.
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Completeness

Lemma 12
Let X and Y be uniform spaces. Then every locally uniformly
continuous function f : X — Y is a setoid mapping.

Lemma 13

Let X and Y be uniform spaces, and let J be a directed preordered
set. Then for each locally uniformly continuous function

f: X — Y and each net x € X,

1. forall x € X, if x — x, then f o x — f(x);

2. if x is a Cauchy net, then f o x is a Cauchy net.
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Completeness

Theorem 14

Let X and Y be uniform spaces. Then for each uniformly
continuous (respectively, locally uniformly continuous) function

f: X =Y, there exists a uniformly continuous ( respectively,
locally uniformly continuous) function f: X = Y which makes the
following diagram commute, that is, f onx ~ ny o f.

Furthermore, such an f is unique in the sense that for each locally
uniformly continuous mapping h: X — Y, if honx ~ ny o f, then
h~f.

atd

<
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Topological vector spaces and lattices
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Topological vector spaces

A vector space (over R) is a setoid X = (X, =x) equipped with a
setoid mapping (x,y) — x +y of X x X into X, called addition, a
setoid mapping x — —x of X into X, called inverse, a setoid
mapping (s, x) — sx of R x X into X, called scalar multiplication
and an element 0 of X, called the zero element, such that

(x+y)+z=xx+(y+2), X+y=xy+x
x+0=x x, x+(—x) =x0,
s(x +y) =x sx+ sy, (s + t)x =x sx + tx,
s(tx) =x (st)x, 1x =x x

forall x,y,z€ X and s,t € R.
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Topological vector spaces

Example 15

Let F[O, 1] be the set of setoid mappings of [0, 1] into R. Then the
setoid F[0,1] = (F[0,1],~) is a vector space equipped with
addition, inverse, scalar multiplication and zero element given by

(f +&g)(x) = f(x) + &(x), (=) = =f(x),
(s)(x) = sf(x), 0(x) =0

for all f,g € F[0,1], s € R and x € [0, 1].
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Topological vector spaces

Let X is a vector space. Then a linear functional on X is a setoid
mapping  : X — R such that

fix+y)=rf(x)+f(y) and f(sx) =g sf(x)

for all x,y € X and s € R.
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Topological vector spaces

A topological vector space is a vector space X equipped with a
uniform structure (Ix, px,IFx) such that

1. the addition + : X x X — X is uniformly continuous;

2. there exists a function fX : Ix x X — N such that for each
acly,
(0,sx) IFx a

for all x € X and s € R with |s| <g 2—¢(ax).
3. for each a € Iy,

(0,x) Ikx a= (0, 5x) IFx a

for all x € X and s € R with |s| < 1.
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Topological vector spaces

Lemma 16

Let X be a topological vector space. Then the inverse x — —x is
uniformly continuous, and the scalar multiplication (s, x) + sx is
locally uniformly continuous.

Theorem 17
If X is a topological vector space, then so is its completion X.
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Topological vector lattices

A (join) semilattice is a setoid X = (X, =x) equipped with a setoid
mapping (x,y) — x V y of X x X into X, called a join, such that

xV(yVz)=x(xVy)Vz, xVy=xyVx, xVx=xx

forall x,y,z € X.

Let X = (X, =x) be a semilattice. Then the (canonical) partial
order <x on X is given by

X<xyexVy=xy

for all x,y € X, and x V y is the least upper bound of {x,y} for all
x,y € X.
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Topological vector lattices

A vector lattice is a vector space X = (X, =x) such that
1. X is a semilattice with a join V;
2. (x+z)V(y+2z)=xxVy+z
3. if 0 <g s, then s(x V y) =x (sx) V (sy)

forall x,y,z € X and s € R.

Lemma 18
Let X = (X,=x) be a vector lattice. Then
1. ifx<xy, thenx+z<xy+z
2. ifx <x y and 0 <g s, then sx <x sy
for all x,y,z € X and s € R.
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Topological vector lattices

Example 19
Note that F[0,1] in Example 15 is a vector lattice with a join given
by

(f v g)(x) = maxg(f(x), g(x))

for all f,g € F[0,1] and x € [0,1]. Let C[0,1] be a set given by

€[0,1] = {(f,~) € F[0,1] x hom(N,N) |
f is uniformly continuous with a modulus ~ },

and let =c[o 1) be an equivalence relation on CJ[0,1] given by

(f.7") =co) (8:78) & f =Fo &

Then the setoid C[0,1] = (C[0, 1], =cJo,1]) is a vector lattice.
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Topological vector lattices

Let X = (X, =x) be a vector lattice with a join V: X x X — X.
Then a meet A : X x X — X is given by

XAy = —(—xV —y)
for all x,y € X.

Proposition 20

Every vector lattice X = (X, =x) is a distributive lattice, that is,
xV(yNz)=x (xVy)A(xVz),or
xAN(yVz)=x (xANy)V(xAz)foralx,y zeX.

40 /61



Topological vector lattices

Let X be a vector lattice. Then the subset
Cx={xeX|0<xx}

is called a positive cone of X; note that Cx = (Cy, <x) with an
upper bound function

V € hom(Cx x Cx,Cx)

is a directed preordered set.

A linear functional f on X is positive if 0 <g f(x) for all x € Cy.
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Topological vector lattices

Example 21
Let R: C[0,1] — R be a function given by

R(f,'y)—/f,

where [ is the Riemann integral, for all (f,~) € C[0,1]. Then R is
a positive linear functional.
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Topological vector lattices

Let X = (X, =x) be a vector lattice, and let (-)* : X — X,
()" : X = X and |- | : X — X be setoid mappings given by

xT =xV0, x~ =(—=x) V0, x| = x V (—x),

respectively, for all x € X; note that x*,x~ € Cy.

A vector lattice X is Archimedean if for each x € X, x <x 0
whenever there exists y € X such that x <x 27"y for all n € N.

Lemma 22
Let X = (X,=x) be an Archimedean vector lattice. Then

1. if0 <x x, then maxg(s, t)x =x sx V tx;
2. |sx| =x [slIx]
foralls,t € R and x € X.
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Topological vector lattices

A topological vector lattice is a vector lattice X equipped with a
uniform structure (Ix, px,IFx) such that

1. X is a topological vector space with the uniform structure;
2. the join V : X x X — X is uniformly continuous;

3. for each a € Iy,
(0,y)IFx a=(0,x) IFx a

for all x,y € Cyx with x <x y.
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Topological vector lattices

Lemma 23
Every topological vector lattice is Archimedean.

Theorem 24
If X is a topological vector lattice, then so is its completion X.
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Integration theory
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Integration theory

An abstract integration space is a vector lattice X equipped with a
positive linear functional E on X.

Example 25
(C[0,1], R) is an abstract integration space.

In the following, we fix an abstract integration space (X, E).
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Integrable functions

Lemma 26
Let =, be a binary relation on X given by

x= yeVneN(E(x—y|]) <g2™")

for all x,y € X. Then =, is an equivalence relation on X; hence
L= (X,=L) is a setoid.

Proposition 27

Let p; and I, be a monotone function from N into N and a
relation between X x X and N defined by

pr(n)=n+1 and (x,y)lFine E(x—y|])<g27",

respectively, for all n € N and (x,y) € X x X. Then (N, p;,IF1) is
a uniform structure on the setoid L = (X,=,).
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Integrable functions

Proposition 28
L is a topological vector lattice.

We write £ for the completion L of the topological vector lattice L,
and call an element of £ an integrable function over the abstract

integration space (X, E).
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Integrable functions

Proposition 29
There exists a uniformly continuous mapping [ : £ — R such that
L [nu(x) =r E(x),
2. [(f+g)=r [+ [g
3. [(sf)=rs [T,
4. if0<g f, then 0 <p ff
forallxe L, f,ge LandseR. Forf e g, ff is called the
integral of f.

50 /61



Measurable functions

Lemma 30
Let =y be a binary relation on X given by

x=pmyesVue CxVne N(E(x —y|Au) <g27")

for all x,y € X. Then =, is an equivalence relation on X; hence
M = (X,=pm) is a setoid.

Proposition 31

Let pp and Ikpy be a monotone function from Cx x N into Cx x N,
and a relation between X x X and Cy x N, respectively, defined by

pm(u,n) = (u,n+1)
(x5, y)Ikm (uyn) < E(Ix —y| Au) <g 27",

respectively, for all (u,n) € Cx x N and (x,y) € X x X. Then
(Cx x N, pm,IFpm) is a uniform structure on the setoid



Measurable functions

Proposition 32
M is a topological vector lattice.

We write 9 for the completion M of the topological vector lattice
M, and call an element of 99t a measurable function over the
abstract integration space (X, E).
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Convergence theorems
Lemma 33
The function idx : X — X is a uniformly continuous setoid
injection of L into M.
Proposition 34
There exists a uniformly continuous embedding A : £ — 9 such
that ny oidx ~ Aon,.

g—2 . m

s m

<

idy
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Convergence theorems

Lemma 35
The function (-) A |-|: (x,y) — x Aly| from X x X into X is a
locally uniformly continuous mapping of L x M into L.

Proposition 36

There exists a locally uniformly continuous mapping
W £ x M — £ such that o (n x nm) ~nro((-)A]-]).

M
ExXM—— £
NLXNMm L

Lx M——s 1
SRTENN

54 / 61



Convergence theorems

Lemma 37
For all f,g € £ and h € 9N,

(g, A(f)) =c g AIfl - and  Au(g, h)) =m AM(g) A |-
Theorem 38
Let f be a measurable function. If there exists an integrable

function g such that |f| <gn A(g), then there exists an integrable
function fe such that f =gy A(fe).
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Convergence theorems

Let (f,)nen be a sequence of integrable functions, and let f be an
integrable function. Then

1. (fn)nen converges in norm to f if f, — f in £;
2. (fa)nen converges in measure to f if A\(f,) — A(f) in 9.

Theorem 39 (Lebesgue's Monotone Convergence Theorem)

Let (f,)nen be an increasing sequence of integrable functions.
Then the following are equivalent.

1. (fa)nen converges in measure to some integrable function f,
2. (fa)nen converges in norm to some integrable function f,
3. ([ fa)nen converges;

in which case [ f, — [f.
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Convergence theorems

Theorem 40 (Fatou's Lemma)

Let (f,)nen be a sequence of integrable functions converging in
measure to an integrable function f such that 0 <g f, and
[fy<AforallneN. Then [f <A.

Theorem 41 (Lebesgue's Dominated Convergence Theorem)

Let (f,)nen be a sequence of integrable functions converging in
measure to an integrable function f, and let g be an integrable
function such that |f,| <g¢ g for all n € N. Then (f,)nen converges
in norm to f.
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