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Computability 
Topology

Proof Theory

Spector’s bar recursive 
interpretation of 
countable choice

Combination of 
selection functions in 
Tychonoff's Theorem

≃
?

ε : (X → 𝔹) → Xε : (A+ → A−) → A+
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eureka.pdf

Hi Paulo,              Mon 6th April 2009 
                              Oxford 

I think I’ve found a specification of the 
product functional (CBR) which 
generalises the JK-shift and the product 
of selection functions. 

Let predicates  be given, where 

 and  

Claim: CBR realizes (for  discrete): 

   

…

An(p, x)
p : Xn → R x : Xn

R

∀nℕ ∀pXn→R ∃xXnAn(p, x)
⇒
∀q∃α∀nAn(λx . q(α[n := x]), αn)
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Martin’s talk @ QMUL, May 2009
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A Tale of Two Monads…

JRX = (X → R) → X selection monad

KRX = (X → R) → R continuation monad

ηJ
X : X → JRX

βJ
X,Y : JRX → (X → JRY ) → JRY

⊗J
X,Y : JRX × JRY → JR(X × Y )

ηK
X : X → KRX

βK
X,Y : KRX → (X → KRY ) → KRY

⊗K
X,Y : KRX × KRY → KR(X × Y )
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ε : (X → R) → X

ϕ : (X → R) → R

ϕ(p) = p(ε(p))

quantifier

selection function

attainability  
(  attains )ε ϕ

A Tale of Two Monads…
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Higher-Order Games

A sequential higher-order game of -rounds is a tuple  where: 

 is the type of outcomes 

 is the type of moves at round  

 is the outcome function 

 describe the “goal” at round 

n (R, (Xi)i<n, q, (ϕi)i<n)

R

Xi i

q : Πi<nXi → R

ϕi : (Xi → R) → R i

Definition (Escardó/O.’2010).

 

 

 some Boolean formula over  atomic propositions 

, existential quantifiers ( )

R = 𝔹
Xi = 𝔹

q( ⃗x) : 𝔹 n

ϕi = ∃ (𝔹 → 𝔹) → 𝔹

Example 1 (SAT).
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Higher-Order Games

A sequential higher-order game of -rounds is a tuple  where: 

 is the type of outcomes 

 is the type of moves at round  

 is the outcome function 

 describe the “goal” at round 

n (R, (Xi)i<n, q, (ϕi)i<n)

R

Xi i

q : Πi<nXi → R

ϕi : (Xi → R) → R i

Definition (Escardó/O.’2010).

 

 some choice of actions for player  

 the game’s payoff function ( -th player receives ) 

, maximising players ( )

R = ℝn

Xi i

q( ⃗x) : ℝn i πi(q( ⃗x))

ϕi = maxi (Xi → ℝn) → ℝn

Example 2 (maximising -players).n
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Higher-Order Games

A sequential higher-order game of -rounds is a tuple  where: 

 is the type of outcomes 

 is the type of moves at round  

 is the outcome function 

 describe the “goal” at round 

n (R, (Xi)i<n, q, (ϕi)i<n)

R

Xi i

q : Πi<nXi → R

ϕi : (Xi → R) → R i

Definition (Escardó/O.’2010).

 

 — grid position 

 decides outcome of game 

 and 

R = {−1,0,1}
Xi = {1,…,9}

q( ⃗x)
ϕ2i = max ϕ2i+1 = min

Example 3 (tic-tac-toe).
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Higher-Order Games

A sequential higher-order game of -rounds is a tuple  where: 

 is the type of outcomes 

 is the type of moves at round  

 is the outcome function 

 describe the “goal” at round 

n (R, (Xi)i<n, q, (ϕi)i<n)

R

Xi i

q : Πi<nXi → R

ϕi : (Xi → R) → R i

Definition (Escardó/O.’2010).

Given a higher-order game of -rounds is a tuple  

 is the optimal outcome of the game 

A strategy  is optimal if for all  

                              

n (R, (Xi)i<n, q, (ϕi)i<n)

(⊗iϕi)(q) : R

σi : Πj<iXj → Xi x1, …, xi−1

q(x1, …, xi−1, σ) = ϕi(λx′￼i . q(x1, …, xi−1, x′￼i, σ))

Definition (Escardó/O.’2010).
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Higher-Order Games

outcomesR

movesXi

q : ΠiXi → R outcome function

φi : (Xi → R) → R goal functions

(⨂φi)(q)

optimal outcome

(⨂εi)(q)

optimal strategy
εi : (Xi → R) → Xi selection functions
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Higher-Order Games

(⨂εi)(q)

optimal strategy
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Selection Monad Transformer

ε : (X → R) → TX monadic selection

T : Type → Type strong monad

α : TR → R -algebraT

M. Escardó and P. Oliva 
The Herbrand functional interpretation of the double negation shift 
The Journal of Symbolic Logic, 82(2):590-607, 2017
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M. Escardó and P. Oliva 
Selection functions, bar recursion and backward induction 
Mathematical Structures in Computer Science, 20(2):127-168, 2010 

M. Escardó and P. Oliva 
Computational interpretations of analysis via products of selection functions 
Proceedings of CiE 2010 

M. Escardó and P. Oliva 
The Peirce translation and the double negation shift 
Proceedings of CiE 2010 

M. Escardó and P. Oliva 
Searchable sets, Dubuc-Penon comp., omniscience princ., and drinker paradox 
CiE 2010 (Abstracts and handouts booklet) 

M. Escardó and P. Oliva 
What sequential games, the Tychnoff theorem and the DNS have in common 
MSFP 2010, ACM SIGPLAN, 21-32, 2010 

M. Escardó, P. Oliva and T. Powell 
System T and the product of selection functions 
Computer Science Logic, 2011
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M. Escardó and P. Oliva 
Sequential games and optimal strategies 
Proceedings of the Royal Society A, 467:1519-1545, 2011 

M. Escardó and P. Oliva 
The Peirce translation 
Annals of Pure and Applied Logic, 163(6):681-692, 2012 

M. Escardó and P. Oliva 
Computing Nash equilibria of unbounded games 
The Turing Centenary Conference, EPiC Series, vol. 10, 53-65, Manchester, 2012 

M. Escardó and P. Oliva 
Bar recursion and products of selection functions 
The Journal of Symbolic Logic, 80(1):1-28, 2015 

M. Escardó and P. Oliva 
The Herbrand functional interpretation of the double negation shift 
The Journal of Symbolic Logic, 82(2):590-607, 2017 

M. Escardó and P. Oliva 
Higher-order games with dependent types 
Theoretical Computer Science, vol 974, 2023
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Happy Birthday, Martín!


